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Ž n. nLet C  denote the set of all continuous functions f :   with0
Ž n. ncompact support. For a function f C  and measurable set A0
Ž .let  f , A denote the oscillation of f on A. We denote the Lebesgue
Ž . nmeasure of A by  A . Let K  be a fixed symmetric convex set of0
non-empty interior, and let K denote the set of all ‘‘balls’’ of  n in the
norm defined by K . In other words, we put0
K c dK : c n , d . 40
Ž n.DEFINITION 1. A function f C  is called absolutely continuous0
with respect to K, or f is K-AC, if for every positive  there exists a
positive  , such that for every disjoint system of sets K , K , . . . from K,1 2
 K    n f , K   .Ž . Ž .Ý Ýi i
i i
Analogously, f is of bounded ariation with respect to K, or f is K-BV, if
sup  n f , K  ,Ž .Ý i
i
where the supremum is taken over every sequence of disjoint sets
K , K , . . . K. We say that f satisfies the K-RadoReichelderfer condi-1 2
tion, or f is K-RR, if there exists an absolutely continuous finite measure
 on  n, for which
 n f , K   KŽ . Ž .
1 Supported by the Hungarian National Foundation for Scientific Research Grant F029768.
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holds for every K K. We say that f satisfies the weak K-RadoRe-
 Žichelderfer condition, or f is K-RR , if there exists a finite not necessar-
.ily absolutely continuous measure , for which
 n f , K   KŽ . Ž .
holds for every K K.
It is obvious that K-RR implies K-RR , and both K-RR and K-AC
imply K-BV. It is also easy to see that K-RR implies K-AC. Indeed, if f is
K-RR, then there exists an absolutely continuous measure , which
dominates the nth power of the oscillation of f on the sets K K; since 
is absolutely continuous, for every positive  there exists a positive  such
Ž . Ž .that  A   implies  A   for every measurable set A. This 
obviously has the property required in the definition of K-AC.
For the system K of all cubes of  n the class K-RR was studied by
 	Rado and Reichelderfer in 2 , in 1951, as a sufficient condition for the
Ž  	.area formula and for differentiability almost everywhere see also in 3 .
 	Maly introduced in 1 the notions of ‘‘n-absolutely continuous functions’’´
and ‘‘functions of bounded n-variation,’’ which are the same as K-AC and
K-BV when we choose K to be the set of all balls of  n. He also defined
the class RR as the set of those functions which belong to K-RR, where K
is the set of the balls in  n, and remarked that changing the cubes to balls
in the definition of Rado and Reichelderfer is an ‘‘immaterial difference.’’
He proved that every n-absolutely continuous function is differentiable
nŽ n.almost everywhere and that its derivative belongs to L  .
We denote by D the set of all disks on the plane and by Q the set of all
squares, respectively. We construct a function f : 2 which belongs to
ŽD-RR and does not belong to Q-BV thus all the notions AC, BV, RR,
 .and RR depend on the shape . We will prove that for every K there exists
a function f : 2 which belongs to K-BV and does not belong to
K-AC. Analogous constructions can be done in  n for every n
 2.
We will also prove that for every K, K-AC implies K-RR and K-BV
implies K-RR. That is,
K-RR K-AC K-BV K-RR .
THEOREM 2. There exits a D-RR function f : 2, which is not Q-BV.
Proof. For every n we put
1
n1  and r  4 n 1 !n!Ž .n nn2 n!
We will define a pairwise disjoint system of squares
Q , Q , . . . , Q ,n1 n2 nrn
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and we will define a sequence of non-negative continuous functions
f , f , . . . , such that the support of each f is covered by rn Q ,1 2 n m1 nm
Ž 2 . f , max f   , and in the midpoints of the squares Q then n n nm
value of f is  . We will also require that rn Q rn 1 Q ;n n m1 nm m1 n1m
moreover, each square Q will belong to the right-upper or to then1m
left-lower quarter of one of the squares Q , Q , . . . , Q , as in Fig. 1. Wen1 n1 nrn
will choose our functions f in such a way that f is constant on eachn n
square Q . Thenn1m
def
f fÝ n
n
is not Q-BV, because the oscillation of f on every quarter of the squares
Q is  , the right-lower and left-upper quarters of all the squares Qnm n nm
Ž .form a pairwise disjoint system of elements of Q see Fig. 2 , and
1
2 22    2  r    .Ý Ý Ý Ýn n n 2nn m n n
On the other hand, we prove that the squares Q and functions f can benm n
chosen such that fÝ f is D-RR.n n
We know that r  1; we choose the square Q arbitrarily. Now we1 11
assume that for a given n the functions f , f , . . . , f and the squares1 2 n1
Ž .Q 1 k n, 1m r have been defined, and we define f and thek m k n
squares Q .n1m
FIG. 1. Q .n m
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FIG. 2. Disjoint quarters.
The support of f must be a subset of rn Q . For a fixed squaren m1 nm
Ž .QQ let O o , o denote the midpoint of Q, and let 2 d denotenm 1 2
Ž . 2the length of the sides of Q. For a given point P x, y  we put
˜ ˜    Ž . Ž .x o  y o  p and define f P  f p , where the function f :1 2 n n n
 is given by
0 if p
 d
k k˜   if p d2 , k 1, 2, . . . , n 1,f p Ž . nnn  if p 0.n
On the intervals
k k1d2 , d2 if k 1, 2, . . . , n 1,
 	a , b k k n1½ 0, d2 if k n ,
˜we define f byn
˜ ˜f a  f b 2 a  b 2b  aŽ . Ž .n k n k k k k k
if p , ;
2 3 3f˜ p Ž .n 2 a  b 2b  ak k k k
linear on a , and , b .k k 3 3
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Since
rn1  4n n 1 ,Ž .
rn
Ž .we will place 4n n 1 squares Q inside each square QQ , in then1 j nm
following way: We put a horizontal and a vertical line through the
 	 Ž . Ž .midpoint O, and for every interval a , b 1 k n we put 4 n 1k k
small squares inside the strip
2 a  b 2b  ak k k k2P : p ,½ 53 3
Ž .recall that f is constant on these strips . The strip intersects ourn
horizontal and vertical line in 4 small segments; we place n 1 of the
Ž .4 n 1 squares close to each segment, so that all the squares are in the
Ž .right-upper and left-lower quarters of Q see Fig. 3 . We also require that
the squares be so small and so close to the segments that if we put a line
through any point of a square and an endpoint of our segment belonging
to this square, the angle between this line and the segment will be less
Ž .than 	8 see Fig. 4 .
FIG. 3. The subsquares Q in Q.n1 j
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FIG. 4. Angles.
Now we prove that fÝ f is D-RR. Since Ý   , f is obviouslyn n n n
continuous. From the definition of the functions f it follows that forn
2  Ž . Ž . every x, y , if x supp f and y supp f , then f x  f y 
n n1 n n
Ž . Ž . 2n. It also follows that if x, y supp f and f x  f y , thenn n1 n n
 Ž . Ž . f x  f y 
  n  2n. We will use these observations to proven n n n
the following lemma:
Ž .LEMMA 3. For eery set K there exists an index n n K , for which
 f , K  4   f , K .Ž . Ž .n
 Ž .Proof. Since f is continuous, there exist x, y cl K for which f x 
Ž .  Ž . Ž . Ž . Žf y   f , K . Let m be the smallest index for which f x  f y ifm m
.there is no index with this property, then the statement is trivial . It is easy
to see from the definition that
supp f  supp f  supp f   ,1 2 3
thus we can assume that at least one of x and y is in the support of fm2
Ž .and then of course this point is in the support of f and f as well .m m1
Clearly,

 f , K   f , K   f , K   f , K .Ž . Ž . Ž . Ž .Ým m1 i
im2
For every k we have
  1 1 1 k
 f , K     ,Ž .Ý Ýi i k k 1 ! k2 i! 2 Ž .ik1 ik1
thus if
 m m1
 f , K 
 or  f , K 
 ,Ž . Ž .m m12m 2 m 1Ž .
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then either nm or nm 1 satisfies the lemma. On the other hand,
we know that if
0 f x  f y   2m ,Ž . Ž .m m m
then only one of the points x and y can be in the support of f . Wem1
Ž .also know that if say x supp f andm1
m1
f y  ,Ž .m1 2 m 1Ž .
then y supp f , which contradicts the assumption that at least one ofm2
the points x and y belongs to supp f .m2
2Ž . 2Ž .As a corollary, for every ball B we have  f , B  16   f , B .nŽ B .
Thus it is enough to prove that there exists an absolutely continuous
2Ž .measure , which dominates  f , B for every ball B.nŽ B .
We put
nŽ B .
D  BD :  f , B  10  ,Ž .1 nŽ B .½ 5n BŽ .
nŽ B .
D  BD :  f , B 
 10  ,Ž .2 nŽ B .½ 5n BŽ .
and prove that there are absolutely continuous measures  ,  which1 2
2Ž .dominate  f for every BD and BD , respectively.nŽ B ., B 1 2
First we consider the oscillations on the balls in D . For a fixed ball1
Ž .  Ž .BD and n n B let B denote one of the smallest sub-balls1
 Ž  . Ž .B  B, for which  f , B   f , B . Then there exists an m forn n
which BQ . Moreover, applying the notations that we introduced innm
the definition of f , for QQ we have p d for every P B.nm
Ž  .Since  f , B  10   n, we can find an integer 1 k n 10 forn n
which B is covered by the strip
k10
2S  P : p a , b .k j j½ 5
jk
˜ k10  	But f is Lipschitz on  a , b with Lipschitz constantn jk j j
 2n  2nn n' '2 2 k9 k1013   b  a 13   d2  d2Ž . Ž .k10 k102 2
 1n9 ' 3  2  2   ,kn d2
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thus
22 diam BŽ .n2 19 f , B  9  2   ,Ž .n 2 2kn d2Ž .
Ž  .2 Ž  . Ž k .2 Ž .where diam B  4 B 	 and d2 
  S 8. This givesk
 2 4	  B 9  224  2 1Ž .n n2 19 f , B  9  2       ,Ž . Hn 2 218  S 	  Sn nŽ . Ž .Bk k
1Ž n.therefore it is enough to prove that there exists a function g in L 
which dominates
24 2 
 x9  2  Ž .Sn k  ,2	  Sn Ž .k
2Ž .then   Hg will dominate  f , B for every BD . But this is1 nŽ B . 1
immediate, because
r 24 2 24 2 n10 n 9  2  9  2 n n
  r n 10  Ž .Ý Ý Ý Ý n2 2	 	n nn1 m1 k1 n1
24  2 24 9  2 r  9  2 1n n
   .Ý Ý 2	 n 	 4nn1 n1
Now we consider the balls BD . Let  be an arbitrary absolutely2 2
continuous measure for which
4
 Q Ž .2 nm n  rn
for every n and 1m r ; this measure exists, because Q con-n nm
tains r r of the squares Q ,n1 n n1 j
r 4 4n1
    QŽ .2 nmr n 1 r n 1 rŽ . Ž .n n1 n
and
rn 4
 Q   0.Ž .Ý n j nj1
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It is enough to prove the following lemma:
Ž .LEMMA 4. For eery ball BD , n n B , and2
n
 f , B    ,Ž .n n
Ž .Ž .B coers at least  5 n 1 of the r squares Q .n1 n1m
Indeed, it is clear that 10  n, i.e., that n 1 and  5
 2.
Thus, by applying Lemma 4 we have
 n 1 2 2
2 B 
 4      Ž .2 n2 n 1 r r n 1Ž . n1 n1
while
2 
2 2 2 f , B      .Ž .n n nž /n n
That is,
n 1
2 f , B    B   B ,Ž . Ž . Ž .n 2 22n
as was required.
Proof of Lemma 4. As before, let B denote one of the smallest
 Ž  . Ž . sub-balls B  B, for which  f , B   f , B . Then B Q for an n
square QQ , and p d for every P B.nm
 	Let k be the number of intervals a , b which are covered by the seti i
 4  p : P B , and let B be the smallest sub-ball in B for which
 4p : P B covers the same intervals. Since BD , we have k
  22
 	  	
 8. Let the k covered intervals be a , b , a , b , . . . ,jk jk jk1 jk1
 	 a , b . Then the ball B touches the diamondsj1 j1
def def2 2D  P : p a a and D  P : p b b , 4  41 jk 2 j1
where b b  d2 j and either a a  d2 jk or a a  0.j1 jk jk
 Ž .Ž .It is enough to show that B covers at least  5 n 1 of the
squares Q . For this it is enough to show that B covers at leastn1m
 5 of the small rhomboids of angles 2  	8 and 2  3	8 placed on the
segments which are obtained as the intersection of the horizontal and
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vertical lines through O and the strips
2 a  b 2b  ai i i i2P : p ,½ 53 3
Ž .see Fig. 5 and compare with Fig. 4 .
 Ž . Let O  o  r , o  r denote the midpoint of B . Because of1 1 2 2
the symmetry we can assume that r , r 
 0 and r 
 r . It is easy to see1 2 1 2
def Ž .that B covers the point P  o  2 a, o : the radius of B is at least1 1 2
'2
dist D , D 2 b a ,Ž . Ž .1 2 4
where b
 2 ka
 28a. And if a ball touching D , with r 
 r 
 0 at its1 1 2
midpoint, has so large a diameter, then this ball clearly covers P . It is also1
def Ž .easy to check that B covers P  o  b4, o . Indeed, if x
 y
 02 1 2
'Ž . Ž .and o  x, o  y has a distance at least 2 b a 4 from P , then1 2 2
'    Ž . Ž .    x  y 
 b4 2 b a 4 see Fig. 6 and r  r cannot be larger1 2' Ž .than b4 2 b a 4, because all these points are strictly closer to D2
than to D .1
FIG. 5. Rhomboids.
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FIG. 6. Distances.
Thus B covers the segment between P and P ; there are k 3
1 2
Ž . 5 or, if a 0 then even k 2
  4 rhomboids on these seg-
ments. We need to show that B covers these rhomboids, as well.
The midpoint O cannot be in the disk with diameter points P and P ,1 2' Ž .because all these points are at a distance less than 2 b a 4 from P .2
On the other hand, it is clear that every ball which covers P and P and1 2
has its midpoint outside this disk covers the rhomboid of angles 2  	8
and 2  3	8 placed on the segment P P , thus it covers every rhomboid1 2
with the same angles placed on any subsegment of P P , as well. This1 2
completes the proof.
THEOREM 5. For eery conex symmetric set K 2 of non-empty0
interior there exists a K-BV function f : 2, which is not K-AC.
Proof. We will construct a system of elements of K and a sequence of
functions, similar to the construction in the proof of Theorem 2. First
MARIANNA CSORNYEI¨158
we put
1 2 n1 2  , r  c n 1 !n! , and n  cn ,Ž .Ž .n nn1c n 1 !n!Ž .
Ž .where c c K  is a constant that we will specify later. We will0
define a pairwise disjoint system of elements
K , K , . . . , K  Kn1 n2 nrn
and a sequence of non-negative continuous functions f , f , . . . , such that1 2
rn Ž 2 .the support of each f is covered by K ,  f , max f   ,n m1 nm n n n
and at the midpoints of the sets K the value of f is  . We will alsonm n n
require that rn K rn 1 K , and we will choose our functionsm1 nm m1 n1m
f in such a way that f is positive and constant on each set K . Wen n n1m
will also require that
rn
 K  0. nmž /
m1
Then
def
f fÝ n
n
is not K-AC, because the oscillation of f on every set K is at least  ,nm n
for a fixed n the sets K form a pairwise disjoint system of elements ofnm
K, and r  2  1. We prove that if c is large enough, then the sets Kn n nm
and the functions f can be chosen such that f is K-BV.n
We choose the set K  K arbitrarily, and for every n we define f and11 n
Ž .the sets K by induction. For a fixed set K K let O o , on1m nm 1 2
Ž . 2denote the midpoint of K. For a given point P x, y  we put
Ž .  p x o , y o , where  is the norm defined by K . Let d be1 2 0
 4max p : P K , that is, d d for K c  d K . We define our func-0 0 0 0
˜Ž . Ž .tion f P  f p byn n
0 if p
 d
k
kf˜ p    if p d2 , k 1, 2, . . . , n  1Ž .n nn if p 0,n
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and we extend it to the intervals
k k1d2 , d2 if k 1, 2, . . . , n  1,
 	a , b  k k n 1½ 0, d2 if k n
by
˜ ˜f a  f b 2 a  b 2b  aŽ . Ž .n k n k k k k k
if p ,
2 3 3f˜ p Ž .n 2 a  b 2b  ak k k k
linear on a , and , b .k k 3 3
Ž .We consider the rays of endpoint O and angle kc  2	 k 1, 2, . . . , c .
These intersect the strips
2 a  b 2b  ak k k k2P : p ,½ 53 3
in cn small segments, and
rn1 2 22 2 c n n 1  cn n 1 .Ž . Ž .
rn
We will place small rhomboids onto the cn segments, and we will place
Ž .2n 1 sets K inside each rhomboid.n1 j
 Ž . Ž . We can see that if x supp f and y supp f then f x  f yn n1 n n
 Ž . Ž .  Ž . Ž . 
  2n , and if x, y supp f and f x  f y , then f x  f yn n1 n n n n

  n   2n. It is also easy to check thatn n
  1 k
   c Ý Ýi 1 i1 kc k! k 1 !Ž .ik1 ik1
2 Ž .for c  c  c 1 . Therefore, as in the proof of Theorem 2, there exists1
Ž .a constant c such that for every K we can find an index n n K for2
which
 f , K  c   f , K .Ž . Ž .2 n
Thus it is enough to prove that f is K -BV and K -BV for1 2
nŽ K .
K  K K :  f , K  c Ž .1 nŽ K . 3 ½ 5n KŽ .
nŽ K .
K  K K :  f , K 
 c  ,Ž .2 nŽ K . 3 ½ 5n KŽ .
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Ž .  Ž .where c  c K is a constant that we will specify later and n K 3 3 0
2Ž . Ž .cn K for the index n K .
For K the proof is similar to the proof of the analogous statement in1
Theorem 2: we cover each set K K by the union of c  1 neighboring1 3
stripes S and observe thatk
2 1n2 f , K  c   ,Ž . Hn 4 ž /n  SŽ .K k
for a constant c , and that4
 2 1n
r n c  c   n c  c   .Ž . Ž .Ý Ýn 3 4 3 42 2 n nŽ . Ž .n n
Therefore f is K -AC, and then, of course, f is K -BV.1 1
Ž .Now we consider the sets in K K . For n n K put2
n
 f , K   Ž .n n
Ž  .where c   n . It is easy to see that, if c was large enough, then3
Ž .there exists a constant   K such that K covers at least  0
rhomboids.
Ž . n Ž .Let  be the unique probability measure on  for which  K nm
1r for every set K . Then by choosing c  2 we haven nm 3
 1   2n2
 K 
  n 1   Ž . Ž . 2 r 2c nn1
while
2 
2 2 2 f , K      .Ž .n n n ž /n n
2Ž . Ž .Hence  f , K  2c   K , where 2c   is a finite measure, and wen
are done.
THEOREM 6. K-BV implies K-RR for eery conex symmetric set K 0
 n of non-empty interior.
We will need the following lemma, which is an easy consequence of the
Besicovitch Covering Theorem.
LEMMA 7. There exists a constant c such that, for eery r, eery
Ž nsubset K  K satisfying Ý 
  r i.e., all the points of  are coered0 K  K K0
.by at most r elements of K can be partitioned into cr classes of pairwise0
disjoint elements of K .0
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Proof. We will prove a slightly stronger result: it is enough to assume
that all the midpoints of the elements of a set K  K are covered by at0
most r elements of K .0
Applying the Besicovitch Covering Theorem there exists a constant c
such that we can choose c subsets A , A , . . . , A of pairwise disjoint1 2 c
elements of K , for whichc  A covers all the midpoints of the sets of0 i1 i
K . As a corollary, all the midpoints of the elements of the remainder set0
K  K c A are covered by at most r 1 elements of K . Now,1 0 i1 i 1
applying the Besicovitch Covering Theorem to K , we can find c classes1
A , A , . . . , A of pairwise disjoint elements, such that all the mid-c1 c2 2 c
points of the elements of K  K 2 c A are covered by at most r 22 0 i1 i
elements of K . Following this procedure, we can find A , A , . . . , A such2 1 2 cr
that all the midpoints of K  K cr A are covered by at most 0r 0 i1 i
crelements of K . Then of course K  and K  A .r r 0 i1 i
Proof of Theorem 6. Let f be a K-BV function. We prove that there0
nŽ . Ž .exists a finite measure  such that  f , K   K for every K K.0
Ž . Ž .For every measurable set A we define  A   f , A and define0
k
nV A  sup  K : k, K  K, K  A ,Ž . Ž .Ý i i i½
i1
K  K   i j .i j 5
Now, for every non-negative continuous function f C, we put
k k
 nV f  sup    K : K  K,  
  f ,Ž . Ž .Ý Ýi i i i K i½
i1 i1
k,  ,  
 0 .i i 5
It is immediate to see that V is positively homogeneous and super-ad-
Ž  Ž .  Ž .  Ž .  Ž .  Ž .ditive i.e., V  f  V f and V f  f 
 V f  V f for1 2 1 2
.every  0 and non-negative f , f , f  C . It is also clear that for every1 2
 Ž . Ž .measurable set A, f
 
 implies V f 
 V A . We prove the followingA
lemma:
Ž .LEMMA 8. There exists a constant c c K , such that0
   nV f  c  f  V Ž . Ž .
for eery non-negatie f C.
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Proof. It is enough to prove that for every k and for every
sequence of non-negative rational numbers  ,  , . . . ,  , Ýk  
 1 2 k i1 i K i
  k nŽ .   Ž n.f implies that Ý   K  c  f  V  . We can replace all thei1 i i
numbers  by N   and f by N  f for every N; that is, we cani i
assume that all the numbers  are integers. Moreover, by replacing k byi
kÝk  , we can assume that   1, for every i. Therefore it isi1 i i
k  enough to prove that there exists a constant c, for which Ý 
  fi1 K ik nŽ .   Ž n.implies Ý  K  c  f  V  .i1 i
But this is immediate, since by applying Lemma 7 we can partition
 4  K , K , . . . , K into the union c f classes of pairwise disjoint elements,1 2 k
and for pairwise disjoint elements the sum of the nth powers of the
nŽ .oscillations is at most V  . Lemma 8 is proved.
As a corollary, the sets
F  f C : f
 0, V f  1 4Ž .1
and
  nF  f C : c  f  V   1 4Ž .2
are pairwise disjoint convex subsets of C, and F has a non-empty interior.2
Therefore, applying the HahnBanach Theorem, there exists a bounded
Ž . Ž .linear functional F, for which F f 
 1 for every f F and F f  11
for every f F . Because every bounded linear functional can be repre-2
sented by a measure, we have a finite measure  for which Hf d
 1
 Ž .whenever V f 
 1. Then Hf d
  for every  0 and non-negative
 Ž .f C for which V f 
  . From this it is immediate to see that Hf d

 Ž .  Ž .V f for every non-negative f C for which V f  0, and the same is
 Ž .true in the case V f  0: if Hf d is negative for a non-negative f C,
then HN  f d is greater than 1 for an N large enough. On the
Ž .other hand, N  f  0, thus N  f F for every N, which is a2
 Ž .contradiction. So  is a non-negative measure, and Hf d
 V f for
every non-negative f C.
 Ž . Ž .Since f
 
 implies V f 
 V A for every measurable set A, it isA
Ž . Ž .easy to check that  A 
 V A for every measurable set. Therefore
Ž . Ž . nŽ . K 
 V K 
  K for every K K, which completes the proof of
Theorem 6.
THEOREM 9. K-AC implies K-RR for eery conex symmetric set K  n0
with non-empty interior.
We will need the following lemma, which is a consequence of the
BesicovitchMorse Covering Theorem.
LEMMA 10. Let K be a subset of K. Assume that for eery K K there0 0
exists a point O , which is coered by at most r elements of K and belongs toK 0
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Ž Ž . .the middle half of K i.e., O  c  d 2 K for K c  d K . ThenK 0 0 0 0 0 0
Ž .there exists a constant c depending only on K , such that K can be0
partitioned into cr classes of pairwise disjoint elements of K .0
Proof of Lemma 10. The proof is analogous to the proof of Lemma 7.
Applying the BesicovitchMorse Covering Theorem, there exists a con-
stant c, such that we can choose c subsets A , A , . . . , A of pairwise1 2 c
c  4disjoint elements of K , for which   A covers the set O : K K .0 i1 i K 0
 c 4As a corollary, all the points O : K K  K  A are covered byK 1 0 i1 i
at most r 1 elements of K . Now, by applying the BesicovitchMorse1
Covering Theorem to K , we can find c classes A , A , . . . , A of1 c1 c2 2 c
pairwise disjoint elements, such that all the points O : K K K 2
2 c 4K  A are covered by at most r 2 elements of K . Following this0 i1 i 2
procedure, we can find A , A , . . . , A such that all the points of O : K1 2 cr K
cr 4 K  K  A are covered by at most 0 elements of K . Then ofr 0 i1 i r
crcourse K  and K  A .r 0 i1 i
Proof of Theorem 9. Let f be a K-AC function; we prove that there0
nŽ .exists an absolutely continuous finite measure , such that  f , K 0
Ž . K for every K K. We use the notation introduced in the proof of
Theorem 6.
Since f is absolutely continuous, for every  there exists a  such that0
Ž . Ž . A   implies V A   for every measurable set A. That is, for every
 	 Ž . Ž . Ž . Ž . 0, there exists an   , for which  A   implies V A    ,
Ž . Ž . Ž .and lim     0  0. We can also assume that the function   0
is monotone increasing and concave.
For every f C we define
k k
 V f  inf     A :  
 
 f ,Ž . Ž .Ž .Ý Ýi i k A i½
i1 i1
k,  ,  
 0 .i i 5
It is clear that V is positively homogeneous and sub-additive. It is also
 Ž .immediate to see that if 0 f 
 for a measurable set A, then V fA
Ž Ž ..   A . Thus it is enough to prove the following lemma.
LEMMA 11. There exists a constant c, such that
V f  c  V fŽ . Ž .
for eery non-negatie function f C.
Indeed, Lemma 11 implies that
F  f C : f
 0, V f  1 4Ž .1
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and
F  f C : c  V f  1 4Ž .2
are pairwise disjoint convex subsets of C. In addition, F has a non-empty2
 Ž . Ž Ž ..  interior because V f    B  f . Therefore there exists a0
Ž .bounded linear functional F on C for which F f 
 1 for every f F1
Ž .and F f  1 for every f F ; that is, there exists a non-negative finite2
 Ž .  Ž .measure  for which V f  Hf d c  V f for every non-negative
 Ž . Ž . nŽ .f C. As before, since f
 
 implies V f 
 V A we have  K A
Ž . K for every K K. On the other hand, since 0 f 
 impliesA
 Ž . Ž Ž ..  Ž .V f    A for every measurable set A, and Hf d c  V f , it
Ž . Ž Ž ..is easy to see that  A  c    A for every measurable set A. Thus 
is absolutely continuous.
Proof of Lemma 11. It is enough to show that
k l k l
n 
   
    K  c     AŽ . Ž .Ž .Ý Ý Ý Ýi K j A i i j ji j
i1 j1 i1 j1
for every K , K , . . . , K  K, measurable sets A , A , . . . , A , and non-1 2 k 1 2 l
negative rational numbers  ,  . As before, we can assume that all thei j
numbers  and  are integers; moreover, we can assume that     1i j i j
for every i, j. That is, it is enough to prove that
k l k l
n
  
   K  c    A .Ž . Ž .Ž .Ý Ý Ý ÝK A i ji j
i1 j1 i1 j1
Ž .Since   is concave, if    ,    and        then1 2 3 4 1 4 2 3
Ž . Ž . Ž . Ž .           . Therefore we can assume that A  A1 4 2 3 1 2
   A . Indeed, 
  
  
  
 , thus for every i j wel A A A  A A  Ai j i j i j
can replace A , A by A  A  A and A  A  A . This does noti j i i j j i j
Ž Ž ..change Ý 
 and decreases Ý  A . After finitely many steps weA jj
obtain A  A    A . Then clearly1 2 l
k l k

  
  A  x : 
 
 j  j.Ý Ý ÝK A j Ki j i½ 5
i1 j1 i1
Ž .  kSince   is monotone increasing, we can assume that A  x : Ý 
j i1 K i
4
 j for every j. That is, we need to show that there exists a constant c
 4such that for every finite set K  K , K , . . . , K  K, for0 1 2 k
   x : 
 
 j ,Ýj K½ 5ž
K K0
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Ž .and     , we havej j
 n K  c   .Ž .Ý Ý j
j
1K K0
Let f denote Ý 
 . For every set K c  d K  K we putK  K K 0 0 0 00 Ž .K  c  d 2 K , and for every positive integer j we define0 0 0
 j1 jK  K K : min f 2 , 2 ..½ 5j 0 K
Then for every K K we can find a point O which is covered by at mostj K
2 j 1 elements of K . In particular, O is covered by at most 2 j 10 K
elements of K . Hence, by applying Lemma 10 there exists a constant cj
Ž j .  1 2such that each K can be partitioned into 2  1 c classes K , K , . . . ,j j j
K Ž2
j1 .c of pairwise disjoint elements of K . Now, for every fixed K i wej j j
have
 K  2 n  K  2 n K ,Ž . Ž .Ý Ý ž /
i i iK K K K K Kj j j
and by the definition of K we havej
K x : f x 
 2 j1 . 4Ž .
iK Kj
Therefore, since the sets K K i are pairwise disjoint,j
 n K   2 n j1  2 n  j1  2 n j1 ,Ž . Ž .Ž .Ý 2 2 2
iK Kj
and we have
Ž j . 2 1 c
n n n j
j1 j1 K  2   2 c 2  1 Ž . Ž .Ý Ý Ý Ý2 2
j
1 i1 j
1K K0
 2 n1c 2 j j .Ý 2
j
0
But for every sequence  
  
   0,1 2
2 j j  2  ,Ý Ý2 j
j
0 j
1
that is,
 n K  2 n2c  .Ž .Ý Ý j
j
1K K0
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n2By taking c 2 c , Lemma 11 and Theorem 9 are proved.
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